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1 Introduction 



The problem of constructing of n-orthogonal curvilinear coordinate systems or flat diagonal 
metrics 

n 

ds^ = Y.H^{u){du')\ u= (1.1) 

i=l 

for more than a century starting from the work of Dupin and Binet published in 1810 was 
among the first rate problems of Differential Geometry. As a classification problem it was 
mainly solved at the turn of this century. A milestone in a history of this problem was a 
fundamental monograph by G. Darboux |l||. 

At the beginning of the 80-s it was found that this very classical and old problem has deep 
connections and applications to the modern theory of integrable quasi-linear hydrodynamic 
type systems in (l+l)-dimensions 0, @]. This theory was proposed by B. Dubrovin and 
S. Novikov as the Hamiltonian theory for the averaging (Whitham) equations for periodic 
solutions of integrable soliton equations in (l+l)-dimensions. Later it was noticed (||^) that 
the classification of Egoroff metrics, i.e. fiat diagonal metrics such that 

d,H^ = d,Hl 9. = A (1.2) 

solves the classification problem of the massive topological field theories. Note that ( |1.2| ) 
implies that there exists a function $(m), called a potential, such that 

H^{u) = d^n) (1.3) 

It should be emphasized, that the "classical" results are mainly that of the classification 
nature. It was shown that locally a general solution of the Lame equations ( |1.4|) , ( |1.5|) 



dk(3ij = PikPkj, j ^ k, (1.4) 

diPij + djPji + PmiPmj = 0, ij^ j, (1.5) 



for, so-called, rotation coefficients 



A. = ^, ^y^J, (1-6) 



depends on n{n — l)/2 arbitrary functions of two variables. Equations ( p..4| ), ( |1.5|) are equiva- 
lent to the vanishing conditions of all a'priory non-trivial components of the curvature tensor. 



(Equations (|1.4| ) imply that Rij^ik = and (|1.5| ) imply Rijaj = 0.) 

If a solution for (|1.4| ), (|1.5|) is known, then the Lame coefficients Hi can be found from 
the linear equations (|1.6| ) that are compatible due to ( p..4[ ). They depend on n functions of 
one variable that are the initial data 

/,(m^) =i7,(0,...,0,<0,...,0) (1.7) 
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After that flat coordinates x'^('u) can be found from a set of the hnear equations 

dlx"" = Tl^dix'' + ^idjx'', (1.8) 

n 

where Tfj are the Christoffel coefficients of the metric ( |1 . 1|) : 

r^. = ^, ri = -^, (1.10) 

Note that the compatibihty of ( |1.8|) and ( pToP requires ( |1.4|) and ( |1.5|) , as well. 

Though this way one gets the complete description of n-th orthogonal systems, the list of 
known exact examples was relatively short. A number of new examples were obtained from 
the Whitham theory. In particular, in it was shown that the moduli spaces of algebraic 
curves with jets of local coordinates at punctures generate a wide class of flat diagonal 
metrics. 



Recently solutions of ( |1.4[ ) and ( |1.5| ) have been constructed by V. Zakharov |0 with the 
help of the "dressing procedure" within the framework of the inverse problem method. The 
equations ( p.. 41 ) are equivalent to the compatibility conditions for the auxiliary linear system 

d,^j = Pij^H,, I ^ k (1.11) 

Therefore, any known inverse method scheme may be relatively easily adopted for a construc- 
tion of various classes of its exact solutions. That can be the dressing scheme or algebraic- 
geometrical one, as well. The next step is to flnd the way to satisfy the constraints ( |1.5|) . 
As it was shown in ||^ the differential reduction proposed in and solving this problem in 
the case of dressing scheme becomes very natural in terms of the, so-called, (9-problem. 

The main goal of this paper is not merely to construct the flnite-gap or algebraic geo- 
metrical solutions to the Lame equations (|1.4D, ( |1.5| ) but to propose a scheme that solves 
simultaneously the whole system ( p..4|) -( prT0D , i.e. gives Lame coefficients Hi and flat coor- 
dinates x*(m), as well. 

At flrst sight it seems that our approach is completely different from that proposed in 
and [§]. We consider the basic multi-point Baker-Akhiezer functions ip{u,Q) which are 
deflned by their analytical properties on auxiliary Riemann surface F, Q E T, and directly 
prove (without any use of differential equations !) that under certain constraints on the 
corresponding set of algebraic-geometrical data the evaluations x^'i^u) = ipiu^Qk) oi ip aX a. 
set of punctures on V satisfy the equations 

Y,r^uAx\u)d,x\u) = Q, 1^3, (1.12) 

k,l 

where r^^i is a constant matrix. Therefore, x^{u) are flat coordinates for the diagonal metric 
( p..l[ ) with the coefficients 

HKu) =Y.VkAx\u)d^x\u) (1.13) 

k,l 
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It turns out that up to constant factors the Lame coefficients Hi{u) are equal to the leading 
terms of the expansion of the same function ip at the punctures Pi on F where ip has expo- 
nential type singularities. We would like to mention that our constraints on the algebraic 
geometrical data that lead to solutions of (|1.12|) , (|1.13|) are the generalization of conditions 
proposed in (|15[) for the description of the potential two-dimensional Schrodinger operators 
(see [0, also). 

In the third section we link our results to the approach of 0, and show that is a 
generating function 

diip{u, Q) = hi{u)'^'l{u, Q), Hi = eihi{u), Si = const, (1.14) 

for solutions of the system 

Note that the compatibility conditions of this extended auxiliary linear system are equivalent 
to both the sets of the equations ( |1.4| ) and (|1.5| ). 

In the forth section of the paper we specify the algebraic geometrical data corresponding 
to Egoroff metrics and obtain the exact formula in terms of Riemann theta functions for the 
potentials $(«) of such metrics. 

As it was mentioned above, the connection of the classification problem for Egoroff metrics 
and the classification problem of the topological field theories was found in 0. The last 
problem for the theory with n primary fields 0i, . . . , 0„ may be formulated in terms of the 
associativity equations for the partition function F{xi, . . . ,Xn) of the deformed theories 0, 
p!0| . These equations are the conditions that the commutative algebra with generators (pk 



and the structure constants defined by the third derivatives of F: 

Fix) 

^'^'-("^ = dxWdx- ^ ^'-''^ 

(t>u^i = cZ{x) = CkH V'"'; VkiV'"" = (1-17) 

is an associative algebra, i.e. 

cU^^kmi^) = C^mi^Hkix) (1.18) 

In addition, it is required that there exist constants r"^ such that the constant metric 7] in 



l.lTp is equal to 

r}ki=r'^Ckim{x) (1.19) 



The conditions ( |1.18D are a set of over-determined non-linear equations for the function F. 



It turns out that for any solution to the system ( |1.18D , ( |1.19|) in case when the algebra ( p..l7|) 



is semisimple there exists Egoroff metric such that the third derivatives of the partition 
function can be written in the form 

2 ^"^^ "^^^ 

c.z™ = l.i^.^^^, (1.20) 
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where and are the corresponding n-th orthogonal curvihnear and flat coordinates. 
Moreover, it turns out that for any set of rotation coefficients Pij = Pji satisfying (|1.4|) , 
( |1.5| ) there exists n-parametric family of Egoroff metrics such that the functions defined by 
( |1.20| ) are the third derivatives of a certain function F. (Recall, that for the given rotation 
coefficients there are infinitely many corresponding metrics.) 

In the last section for each algebraic geometrical Egoroff metric we define a function F 
and show that its third derivatives have the form ( p..2UD and satisfy ( |1.18D , that are the 
truncated set of the associativity conditions. We specify also the set of algebraic-geometrical 
Egoroff metrics such that (|1.19 ) is fulfilled, also, and obtain for the corresponding partition 
functions F an exact formula in terms of the theta functions. 



2 Bilinear relations for the Baker- Akhiezer functions 
and flat diagonal metrics 

To begin with let us present some necessary facts from the general algebraic-geometrical 
scheme proposed by the author [|ll|], The core-stone of this scheme is a notion of the 
Baker- Akhiezer functions that are defined by their analytical properties on the auxiliary 
Riemann surfaces. 

Let r be a smooth genus g algebraic curve with fixed local coordinates Wi{Q) in neigh- 
borhoods of n punctures P,, i = 1, . . . ,n, on T, Wi{Pi) = 0. Then for any set of / points 
Ra, a = 1, . . . ,1, and for any set of (7 + / — 1 points 71, ... , 'jg+i-i in a general position there 
exists a unique function ip{u, Q\D, R), u = {ui, . . . , Un), Q ET, such that: 

1°. ip{u, Q\D, R) as a function of the variable Q € F is meromorphic outside the punctures 
Pj and at most has simple poles at the points 7^ (if all of them are distinct); 

2". in the neighborhood of the puncture Pj the function has the form: 

00 

^ = e^'<{Y.^ii^)^j)^ ^3 = ^M-^ (2-1) 

s=0 



?P . ip satisfies the conditions 

^|Jiu,R^) = l (2.2) 

Below we shall often denote the Baker- Akhiezer function by iplu, Q) without explicit indi- 
cation on the defining divisors D = 71 + ■ ■ ■ + 7g+«-i and R = Ri + ■ ■ ■ + Ri. 

The exact theta-functional formula for the Baker-Akhiezer functions in terms of the 
Riemann theta-functions was proposed ([|T2|) as a generalization of the formula found in |]TE| 
for the Bloch solutions of the finite-gap ordinary Schrodinger operators. 

The Riemann theta-function corresponding to an algebraic genus g curve F is an entire 
function of g complex variables z = {zi, . . . , Zg) defined by the formula 

e{zi, ...,Zg)= e2'^*('"'")+"*(-^'"''"\ (2.3) 
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where the matrix B = Bij is a matrix of 6-periods 



Bij = f ujj (2.4) 

J hi 

of the normahzed holomorphic differentials ojj{P) 

Ui = Sij (2.5) 



on r. Here ai,bi is a basis of cycles on F with canonical matrix of intersections ■ aj = 
bi ■ bj = 0, Oi ■ bj = 6ij. 

The theta function has remarkable automorphy properties with respect to the lattice B 
generated by the basic vectors Cj G and by the vectors Bj G with coordinates Bij: for 
any / G Z^' and z e 

e{z + l) = e{z), e{z + Bl) = exp[-i7r{BlJ) -2i7r{l,z)]e{z) (2.6) 

The torus J{T) 

J(r) = C^/B (2.7) 
is called the Jacobian variety of the algebraic curve F. 
The vector A{P) with coordinates 



go 



defines the, the so-called, Abel map. 

According to the Riemann-Roch theorem for any divisors D = 71 + ■ ■ ■ + 'Jg+i-i and 
R = Ri + ■ — h -R; in the general position there exists a unique meromorphic function ra{Q) 
such that the divisor of its poles coincides with D and such that 

ra{R^) = 6a,p (2.9) 

This function may be written as follows (see p^): 



where 



9-1 

F/, = -IC-A{Rp)-J2A{^s), (2.11) 

s=l 

Sm = -IC- A(7,_i+„) - J2 Mis), (2.12) 

s=l 

g+i-i I 

z^ = Zo- A{R^), Zo = -k:- J2 Mis) + E MRa)- (2.13) 

s=l a=l 
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and /C is a vector of the Riemann constants. 

Let dD,j be the unique meromorphic differential holomorphic on F outside the puncture 
Pj, which has the form 

d^j = d{wj^ + 0{wj)) (2.14) 
near the puncture and is normahzed by the conditions 

dQj = (2.15) 
It defines a vector V'^^^ with coordinates 

^« = 5L£,a, (2.16) 



Theorem 2.1 The Baker-Akhiezer function ip{u,Q\D, R)) has the form: 

^-Yr (Q) ^^""^^^ + ^^y"") + Z^n^o) exp (yu^ dn] (217) 

^ - l./"^^)^(A(g) + z^MEUiu^vi^) + Zo) [h V ^ ^ ^ 



Admissible curves. 

Now in order to get the algebraic-geometrical flat diagonal metrics and their flat coordinates 
we are going to specify the algebraic-geometrical data defining the Baker- Akhiezer functions. 
The corresponding algebraic curve T should be a curve with a holomorphic involution 

(7 : r ^ r, (2.18) 

with 2m > n fixed points Pi, ... , Qi, . . . , Q2m-n-i m <n. The local coordinates Wj{Q) in 
the neighborhoods of Pi, . . . , P„ should be odd 

Wj{Q) = -Wj{a{Q)). (2.19) 

The factor curve Tq — T / a is a, smooth algebraic curve. The projection 

TT : r I — ^ To = r/(T (2.20) 

represents F as a two-sheet covering of Fq with 2m branching points Pj, Qg- In this realization 
the involution a is a permutation of the sheets. For Q G F we denote the point a{Q) by Q'^. 

From the Riemann-Hurwitz formula it follows that 

g^2go-l + m, (2.21) 

where Qq is genus of Fq. 

In other words to construct an admissible algebraic curve F one has to start with an 
algebraic curve Fq, take a meromorphic function E{P), P G Fq, with 2m simple zeros or 
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poles on it and take F as a Riemann surface of the function ^E{P). If Wj{P) are local 

coordinates on Tq at the points Pj then we choose Wj = ^Jwf{P) as the local coordinates on 
r at the branching points Pj. 

Admissible divisors. 

Let us fix on Fq a set of n — m punctures Qi, . . . , Qn-m- A pair of the divisors D and R on 
r is called admissible if there exists a meromorphic differential (IQq on Tq such that: 

a) dQo{P), P E Tq has m + I simple poles at the points Qi, . . . , Q2m-n, Qi, ■ ■ ■ , Qn-m 
and at the points Ra = vr(i?a); 

b) the differential dflo is equal to zero at the projections % of the points of the divisor 

dQo{ls) = 0, 7. = vr(7.) (2.22) 

The differential dQo can be considered an even (with respect to involution a) meromorphic 
differential on F where it has n + 2l simple poles at the branching points Qi, . . . , Q2m-n and 
at the preimages of its other poles on Fq. Let us denote the preimages of the points Qk by 

Q2m—n+li • • • 1 Q2m- 

T^iQ2m-n+i) = 7r(Q„_i+l) = Qi, i = 1, . . . , u - Ul. (2.23) 

The involution a induces the involution a{k) of the indices of the punctures Qk, 

^{Qk) = Qa(k))- 

a{k) = k, k = 1, . . . ,2m - n; a{k) = 2m ~ k + 1, k = 2m - n + 1, . . . ,n (2.24) 

In terms of equivalence classes the admissible pairs of the divisors D and R can be described 
as that satisfying the condition: 

n 

D + D'' - R- R" = K + J2iQj - Pj)- (2.25) 



Example. Hyperelliptic curves. 

The simplest example of the admissible curve is the hyperelliptic curve F defined by the 
equation 

Here Pj, Qj, Qk are complex numbers. A point 7 on F is a complex number and a sign 
of the square root from the right hand side of ( |2.26| ). The curve F has genus g = m — 1. 



Any set of m + / — 2 points 7s, 7s 7^ 7s' and any set of / points are a admissible pair of the 
divisors. The corresponding differential dQo is equal to 

dno = UTT\E-^s) ^2.27) 

u^=riE - Q,) Y{W{E - Qk) nL=i(^ -Ra) 



As we shall see in the last section of the paper the flat diagonal metrics corresponding to the 
hyperelliptic curves are Egoroff metrics. Moreover, this set of data gives also the simplest 
examples of algebraic-geometrical solutions to the associativity equations. 

Important remark. In the following main body of the paper we assume for the simplicity 
of the formulae, only, that the divisors R and the punctures Qj are in the general position 
and do not intersect with each other. We return to the special case when they coincide at 
the end of the last section. 

Theorem 2.2 Let iIj{u,Q\D, R) be the Baker-Akhiezer function corresponding to an admis- 
sible algebraic curve and an admissible pair of the divisors D and R. Then the functions 
x^{u): 

x^{u)=i,{u,Q^), j = l,...,n, (2.28) 

satisfy the equations 

Y^rikidix'd.x' = e^^h^S.j, (2.29) 

k,l 

where 

K = Coin) (2.30) 

are the first coefficients of the expansions of ip at the punctures Pi; the constants ej 

are defined by the expansion of dVL^ at the punctures Pi 

dQo = \{e\ + 0{uli))dw1 = Wi{e^, + 0{wj))dwi (2.31) 
and at last the constants rj^i are equal to 

Vki = Vk5k,a{i)^ Vk = resg.rffio, (2.32) 



where a{k) is the involution of indices defined in ( \2.24\ )- 

Proof. Let us consider the differential 

dn^\u,Q) = diijiu,Q) djijiu,a{Q))dnoiTT{Q)) (2.33) 

From the deflnition of the admissible data, it follows that this differential for i ^ j is a. 
meromorphic differential with poles at the points Qi, . . . , Qn, only. Indeed, the poles of the 
flrst two factors diipiiu,Q) and djip{u,a{Q) at the points 7s and o"(7s) cancel with zeros of 
dflf). At the punctures Pk the essential singularities of the same factors cancel each other. 
The product of these factors has simple poles at the points Pi and Pj that cancel with zeros 
of dilo considered as a differential on F, ( p. 311 ). At last dO,^^^ has no poles at the points Ra 



and R^ due to the condition (|2.2|) . A sum of all the residues of a meromorphic differential 
on a compact Riemann surface is equal to zero. Therefore, 

n 

^resQ,dfilj) = 0, t^j (2.34) 

k=l 
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The left hand side of this equality coincides with the left hand side of ( |2.29| ). 

In the case i = j, the differential d^l\l^ has an additional pole at the point Pi with the 
residue 

respm^ = -e^h^ (2.35) 
That implies ( p.29| ) for i = j and completes the proof of the theorem. 

Corollary 2.1 Let {T, Pi,Qj, D, R} be a set of the admissible data. Then the formula 

H.[u) - ^r^[P^) ^^^^p^^ ^ Z„)^(Er=i(n^^«) + Z,) l^^^/^^'^ ) ' ^^"^^^ 
where ra{Q) is the function defined by ( \2.1C\) , 

ujt, = r dn,, z^j, (2.37) 



uoZ = lim / dn,-wi\Q)], (2.38) 

defines the coefficients of the flat diagonal metric. The flat coordinates (not orthonormal) 
corresponding to this metric are given by the formulae: 

x\u) = j2ro.{Qk) x^M, (2.39) 

a=l 

xHu) - ^(-^(^^) + ^"-i(^^^^^^) + ^-)^(^o) c::p dil] (2 40) 

" eiAiQ,) + Z„)e(Er=i(«^V^«) + Zo) [h 7 ^ ^ ^ 

Important remark. Note that the theta-function and the vectors V^^"* are defined by the 
curve To, the punctures {Pi, . . . , Pn, Qi, ■ ■ ■ , Q2m-n} and the first jets of local coordinates 
at Pj. A space of these parameters for given genus go of Tq is equal to 3go — 3 + 2m + n. 
The vectors are defined in (|2.13|) , where the vector Zq depends on the points Qk, k = 
1, . . . ,n — m and the divisors D, R also. It belongs to the affine space defined by the relation 
( p.25| ). We would like to stress that in the formula ( p.36|) the last set of parameters enters 
through Ei and Zq, only. Therefore, for [n — m) > go formula ( |2.3(j| ) with an arbitrary vector 
Zq and with arbitrary constants Ei defines the fiat diagonal metric. 



Reality conditions. 

In a general case the above-constructed flat diagonal metrics Hiiu) and their fiat coordi- 
nates are complex meromorphic functions of the variables m*. Let us specify the algebraic 
geometrical data such that the coefficients of the corresponding metrics are real functions of 
the real variables -u*. 

Let Tq be a real algebraic curve, i.e. a curve with an antiholomorphic involution 

To: Lo^-^ro (2.41) 
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and let the punctures {Pi, . . . , P„} and {Qi, . . . , Q2m-n} be fixed points of tq. Then there 
exists an antiholomorphic involution r on F. We assume that the local coordinates Wj at 
the punctures Pj satisfy the condition 

w.iriQ)) =^i;;iQ) (2.42) 

Let us assume that the set of the points Qk and the divisors D, R are invariant with respect 
to r, also: 

T{Qj) = QkU), r{Ra) = Rn^ia), T{-fs) = 7«2(s), (2-43) 

where Ki{.) are the corresponding permutations of indices. The conditions ( |2.43D imply that 
the differentials dflo corresponding to the admissible pair D, R satisfies the condition 

T* dQo = dn^ (2.44) 



Theorem 2.3 Let a set of the admissible data be real (i.e. satisfies the conditions \2.4^ )). 
Then the Baker-Akhiezer function ip{u,Q\D, R) satisfies the relation 



^{u,Q\D,R) = ^{u,t{Q)\D,R) (2.45) 
and the formula l\2.3(J{) defines a real flat diagonal metric. 



The signature of the corresponding metrics depends on the involutions and Ki{a). For 
various choices of the initial data one may get the flat diagonal metrics in all the pseudo- 
euclidain spaces i?^'^. In general, these metrics are singular at some values of the variables 
u\ In order to get smooth metrics for all the values of u it is necessary to further specify 
the initial data. The way to do that is relatively standard in the finite-gap theory and we 
address this problem somewhere else. 



3 Differential equations for the Baker-Akhiezer func- 
tion 



In this section we are going to clarify the meaning of our constraints in terms of differential 
equations for the Baker-Akhiezer functions. First of all, we discuss the equations for an 
arbitrary set of algebraic geometrical data. 

The following statement is a simple generalization of the results where in the case n = 



2 it was shown that the corresponding Baker-Akhiezer function satisfies the two-dimensional 
Schrodinger type equation. 

Lemma 3.1 Let iIj{u,Q\D, R) be the Baker-Akhiezer function. Then it satisfies the equa- 
tion: 

didjij = cljdiip + 4jdj^, i ^ j, (3-1) 
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where 

dihi i , , dih 

and 



ci,H = 4-^' 4H = ^ (3-2) 



hj 



hi{u) = eo{u), (3.3) 
are the first coefficients of the expansion l\2.1\). 



The equations have the form ( |1.8|) that are the first set of the equations defining 

flat coordinates for the diagonal metric with the coefficients Hi{u) = eihi{u), where Si are 
constants. Now we are going to obtain the equations that in the case of admissible algebraic- 
geometrical data provide the second set (|1.9| ) of the equations for the flat coordinates. 

Let {r, Pj, Wj,'js, Ra} be a set of the data that defines the Baker- Akhiezer functions 
ip{u, Q\D, R). Let us fix a set of additional n points Qi, . . . , Qn- Then their exists a unique 
function = ip^{u,Q\D,R) such that: 

1^. ip^lujQ), as a function of the variable Q G F, is meromorphic outside the punctures 
Pj, at most has simple poles at the points 7s and equals to zero at the punctures Qi, . . . , Qn- 

^|J\u,Qk) = 0; (3.4) 
2^. in the neighborhood of the puncture Pj the function ip'^ has the form: 

oo 

= «;-^e"^%"(Eel.(«)^^-), w, = w,iQ); (3.5) 

3^ at the points Ra the function equals 1, 

ip\u,Ra\D,R) = 1 (3.6) 



Lemma 3.2 Let iIj{u,Q\D, R) and ip^{u,Q\D, R) be the Baker- Akhiezer functions corre- 
sponding to an arbitrary set of the algebraic- geometric data. Then they satisfy the equations 



where 



Cj — , 1 , Vii 

hj 



- Mi -2^ + — - — 

h] hi h] hi 

hi dih] . , 
hj hi 



and the functions 



(3.7) 

(3.8) 
(3.9) 

(3.10) 



are the first coefficients of the expansions ( ^^) and ( \3.3i) . 
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Again the proof is standard. Consider the function that is defined by the left hand side 
of (|3.71 ). The formulae ( p.8|) and ( p.9|) imply that this function satisfies all the defining 



conditions of the function ip and is regular at all the punctures Ra- Therefore, it is equal to 
zero. 

Now consider the case of the admissible algebraic-geometrical data. (In that case the set 
of the punctures in the definition of ip^ is the same set as in the definition of the admissible 
curves and divisors, i.e. Qi, . . . , Q2m-n are the branching points and Q2m-n+i) ■ ■ ■ , Q2n are 
the preimages of Qfc.) 

Theorem 3.1 Let il){u,Q\D, R) and ip^{u,Q\D, R) be the Baker-Akhiezer functions corre- 
sponding to an admissible set of algebraic- geometrical data. Then the equations l \3. 1\ ) and 
the equations 

n 

d^^ = cld,i;' + J2Tid,i; (3.11) 

are fulfilled. Here Fjj are the CristoffeVs coefficients of the metric Hi{u) = eihi{u). 

Proof. Let us consider the differential 

rffijf = d.M,\u, Q) djijiu, Q'^)rffio(7r(g)) (3.12) 

This differential is holomorphic everywhere except for the points Pi and Pj. The residues at 
these points are equal to, 

Tesp.dQ[f = efhldjhi, resp.dQ'lf = —e'jhjdih^y (3.13) 

Therefore, 

e^^hldjhi = ePjdih]. (3.14) 

The last formula implies that the coefficients Vij ( p.9| ) are equal to F^j for i j. 

The differential dfl^^ has the only pole at the point Pj. Therefore, its residue at this point 
is equal to zero, 

resp^dni = h]{g, + dihi) - h,{g] + dih]) = 0. (3.15) 
( p.l5| ) implies that vu given by (|378|) are equal to F*j. 

Note once again, that at the points Qj (where ip^ is equal to zero) the equations ( p.ll|) 
coincide with (p^ 



Corollary 3.1 The functions ^^°(m, Q) and ^- (m, Q) 

v1/0(w,Q) = -1-9,^(m,Q), <ijl(u,Q) = -^d,^\u,Q). (3.16) 



satisfy the equations ( \1.13^ ), where Pij{u) are the rotation coefficients of the metric 

HAu). 
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The proof of the corollary follows from the direct substitution of ( |3.16|) into and ( 3.11| ). 

Consider the analytical properties of Q) and '^\{u, Q) as functions on the algebraic 
curve r. The defining analytical properties of the Baker- Akhiezer function imply that: 

1*. "^f^iu, Q), = 0, 1 is meromorphic outside the punctures Pj and at most has simple 
poles at the points 71, ... , 7g+z-i; 

2*. in the neighborhood of the puncture P.; the function "^f has the form: 



v^f = ^7^-^e"^%">,, + Y: CU^H)^ = ^.(Q); (3-17) 

s=l 

3*. the functions \l/f^ are equal to zero at the punctures Ra- 

= 0; (3.18) 

4*. the functions are equal to zero at the punctures Qj: 

^]{u,Q,)=0 (3.19) 



Lemma 3.3 Let T be a smooth genus g algebraic curve with 2n punctures Pj, Qj and with 
fixed local coordinates Wj{Q) in the neighborhoods of the punctures Pj. Then for any set 
of {g + l — ^) point 7s in a general position there exist the unique functions ^1/° ("U, Q) and 
'^\{u^Q) satisfying the above formulated conditions l*-3*. 

For a given admissible curve F with punctures Pj, Qi and local coordinates Wi the Baker- 
Akhiezer functions and therefore, the coefficients Hi{u\D,R) of the corresponding diagonal 
flat metric depend on the admissible pair of the divisors D and R. Two pairs of the divisors 
D, R and D', R' are called equivalent if there exists a meromorphic function f{Q) on F such 
the divisor (/)oo of its pooles and the divisor (/)o of its zeros are equal to 

U)oo = D + R!, {f)o = D' + R (3.20) 

In terms of the Abelian map D, R are equivalent to D', R' iff 

g+l-l I 9+l'-l I' 

E ^(7.) - E MRa) = E ^(7.) - E MK) (3.21) 

s=l a=l s=l a=l 

Lemma 3.3 implies that the following statement is valid. 



Corollary 3.2 The rotation coefficients (3ij{u\D, R) and (3ij{u, \D'R') corresponding to the 
equivalent pairs of the divisors satisfy the relation 

f{P,)P,,{u\D,R) = f{P,)P,j{u\D'R'), (3.22) 

where f{Q) is the function such that ( \3.2C\ ) are fulfilled. 
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From the uniqueness of \l/f^ and the definition of the equivalent pairs it follows that 

f{Pi)^^{u, Q\D, R) = f{Q)^^{u, Q\D', B!) (3.23) 

and, therefore, ( p.22| ) are valid. 

Let us express the rotation coefficients and the Lame coefficients in terms of the function 
^{u,Q\D,R), only. 

Theorem 3.2 The rotation coefficients f3ij{u) of the algebraic- geometrical fiat diagonal met- 
ric with the coefficients Hi{u\D,R) corresponding to the Baker-Akhiezer function 
■ip{u,Q\D, R) are equal to 

Pi, = Pij{u\D, R) = Ct{u\D, R), (3.24) 

where (i i are the first coefficients of the expansion ^3.1'^ for the functions {u, Q\D , R) . 
The Lame coefficients Hi{u\D,R,r') are equal to 

H,{u\D,R) = -Y,d^^{u,Rl\D,R), (3.25) 

a 

where 

da = resR^dflo (3.26) 
Proof. The equations (|1.15|) imply that the functions \E'J satisfy the equation 

di^] = P,j^], 1^3 (3.27) 

The formula ( |3.24|) is a result of the direct substitution of the expansion (|3.171 ) into (|3.27| ). 
For the proof of ( p. 25 ) let us consider the differential 

dnf\u,Q) = ^liu,Q)ij{u,Q'')dno (3.28) 

This differential is meromorphic with the poles at the point Pi and the punctures R^- The 

(s) 

residue of dO.] at the point Pi is equal to 

lespml^^ = Hi{u). (3.29) 

The residues of this differential at the points R^ are equal to the corresponding terms of the 
sum in the right hand side of ( |3.25| ). The sum of all these residues is equal to zero. Theorem 
is proved. 

Important remark. Theorem 3.2 allows one to give another interpretation of our basic 
construction. The rotation coefficients jSij up to gauge transformation ( |3.22| ), depend on the 
equivalence classes of the divisors D,R, only. The functions 'ifl{u,Q\D, R) satisfy (|3.27| ). 
Therefore, any linear combination of the form ( |3.25| ) defines the coefficients of the flat di- 
agonal metrics. Therefore, the formulae (|2.40|) may be considered as the solution for the 
problem of the construction of the corresponding flat coordinates. 
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4 EgorofF metrics and the partition functions of the 
topological field theories 



In this section we describe the algebraic geometrical data corresponding to Egoroff metric, 
i.e. the metrics with symmetric rotation coefficients Pij = f3ji. 

Let E{P) be a meromorphic function on a smooth genus algebraic curve Go with n 
simple poles at points Pi having 2m — n simple zeros at points Qi, . . . , Q2m-n and n — m 
double zeros at points Qi, • • • , Qn-m- The Riemann surface F of the function 

A = 4e{P) (4.1) 

is an admissible curve in the sense of our definition. The point Q G G is a pair P and a 
sign ± of the square root. The function A = \{Q) is an odd function with respect to the 
involution of F. As a function on F it has simple poles at the points Pi and simple zeros at 
the points Qj, j = 1, . . . , ra. The function A~^ defines local coordinates 

= ^'\Q) (4.2) 

in the neighborhoods of the punctures Pi. 

Example. Let Fq be a plane curve defined by the equation 

L{y,E) = 0, (4.3) 

where L is degree n polynomial in two variables. Let Fq has n smooth points Pj and n 
smooth points Qj as preimages of = oo and E = 0, respectively. Then the admissible 
curve F is defined by the equation 

L{y,X') = (4.4) 



Theorem 4.1 Let D,R be an admissible pair of the divisors on the Riemann surface F of 
the function X{Q). Then the rotation coefficients defined by D,R are symmetric 

Pij{u\D,R) = Pji{u\D,R) (4.5) 

The potential ^{u\D,R) of the Egoroff metric Hi{u\D,R, r') is equal to 

n 

^ = Y.\{R^) d^i^{u,Rl), (4.6) 

a=l 

where d^ are residues of dVl^ at R^ (PJ 



Proof. The equality ( |4.5|) can be obtained by the consideration of the differential 

A(Q)M/°(n,Q)M/°(n,a(Q))rf^]o (4.7) 
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that has poles at the points Pi and Pj, only. The residues at these points are equal to f3ji 
and —Pij, respectively. 

We would like to mention the other way to prove ( |4.5| ), as well. Let and "^j be the 
Baker- Akhiezer functions defined by the conditions l*-4*. Then 

^]{u,Q) = X{Q)^'',{u,Q) (4.8) 

Indeed, the function A\l/° satisfies all the defining conditions for the function "^j. Therefore, 
( [4. 81 ) is a corollary of the uniqueness of the Baker- Akhiezer functions. From ( [4. 81 ) and ( p.. 151 ) 
it follows that the functions satisfy the equations 

a,-^? = x^]-Y.PmA (4.9) 

The compatibility conditions of this system are equations (|1.4|) and (|1.5|) together with the 
symmetry condition ( |4.5| ). Note that ( [4.9| ) as the auxiliary linear system for the full set of 
equations describing Egoroff metrics was proposed in 0. 

For the proof of (|4.6|) let us consider the differential 



dnt"^ = X{Q)ij{u, Q)diij{u, cr{Q))dQo (4.10) 
This differential has poles at the points Pi and Ra with the residues 

resp,d(]f ^ = -Hf, resnjnf = \{R^) diij{u, Rl) (4.11) 
The sum of these residues is equal to zero. Therefore, ( [4.6| ) is proved. 

Corollary 4.1 The formula 

$ = ^rf^A(i?^)<l>^(M), (4.12) 

/3=1 



where 



defines the potentials of the algebraic-geometric Egoroff metrics. 



5 Solutions to the associativity equations 

The equivalence of the classification problem for the rotation coefficients of Egoroff metrics 
and the classification problem for the massive topological fields found in does not provide 
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the exact expression for the partition functions of these models. Now for each of the above- 
constructed algebraic-geometrical Egoroff metrics we are going to define a function F such 
that its third derivatives have the form 

and the functions 

^ dx^ dx' dv} ^ ' 

1=1 

define an associate algebra. 

Theorem 5.1 Let ip{u,Q\D, R) be the Baker-Akhiezer function defined on the Riemann 
surface T of the function \{Q) and corresponding to an admissible pair of the divisor D, R. 
Then the function F{x) = F{u{x)) defined by the formula 

nu) = \\jl mx\u)y\u) - Y: J^Mu, R:)] , (5.3) 



where rjki is a constant matrix defined by ^2.32 ), da are equal to ( 3.20^ ) and 



x\u) = ^(m, Qfc), / = ^(m, Qfc), (5.4) 
satisfies the equation 

d'Fjx) ^ ^^^^ 
dx^dx'-dx™- ™ 

where Ckim (ii"^ defined by ( |5.i[ ). The functions c^i defined by l \5.2{ ) satisfy the associativity 
equations ^1.1^ ). 



Proof. Let us consider the functions 



d-ip d'^if) 



OX^ ox'^ox^ 

At the puncture Pj they have the form 

du 



(5.6) 



^ki 



dx^ 
dx^ dx^ 



\e^^\K + 0{\-^)), (5.7) 



AV"'(/i, + 0(A-1)) (5.^ 



Therefore, 



where 



Cklm = Y'i:Q?'pA^k;lm, (5-9) 
i=l 

dVLk-im = (j)k{u, Q)(f)imiu, Q")-^^ (5.10) 
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By the definition of tlie fiat coordinates x'^ we liave 

4>k{u,Qm) = Skm, 4>kl{u,Qm) = (5.11) 

Tlierefore, tlie differential dflk;im outside tlie punctures Pj lias the pole at Qk, only. Hence, 

Ckim = - ^esQ^dnk-im = -^esQ^(j)im(u,a{Qk))-^^ (5.12) 

^ (resQ,?/;(M,(T(Qfc))) (5.13) 



dx^dx"" ' "^"^^ ' ^^"''^ A(Q) 
At the puncture Qk the function ip{u, <j{Q)) has the form 

^(m, a{Q)) = - y"(^)A + 0(A2) (5.14) 

and 



Therefore, 



dQo = ^{Vk + vl>^ + 0{X')) (5.15) 
resQ,^(«, a{Qk))^ = vl^"^'^ " Vky''^"^ (5-16) 



From the definition of F it follows that 
Consider the differential 

,5.8) 

That meromorphic differential has poles at the punctures Qi and at the points R^, only. Its 
residues at these points are equal to 

reSQ,dnf = m^'"''^ + *..(^ (');-^""'' - (5-19) 

res»<inf = ^'^'':-5' (5.20) 



Therefore 

n 

dx'' „ A(i?Q,) (9a;'= 



Finally, 



2 

The last equahty and equalities (|5.13|) , (|5.16|) imply ( ^75| 



F = VkV"''^ - (5.22) 
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Lemma 5.1 Let ip{u,Q\D,R) he the Baker-Akhiezer function defined on the Riemann sur- 
face r of the function X{Q) and corresponding to an admissible pair of the divisors D, R. 
Then it satisfies the equations 

(5.23) 

Proof. Consider the function ifj defined by the left hand side of ( |5.23| ). Outside of the 
punctures Pj it has poles at the points the divisor Z), only, and is equal to zero at the points 
Qj. From the definition of it follows that in the expansion of if) at the points the 
factor in front of the exponent has the form 0(A^^). Therefore, from the uniqueness of the 
Baker-Akhiezer function it follows that t/' = 0. 

The associativity equations ( |1.18| ) for the functions are the compatibility conditions 
for the system (|5.23| ). Theorem is proved. 

Remark. The equations ( ^.231 ) can be written in the vector form 

^,^1 = A E c^^^, (5.24) 

^•^ m=l 

where 



The system ( |5.24| ) with symmetric coefficients c^J = was introduced in ||^ as an auxiliary 



linear system for the associativity equation ( |1.18D 



Now we are going to consider the special case of our construction when the divisor R 
coincides with the divisor Q of the punctures Qj. As it was mentioned in the remark before 
the theorem 2.2 the assumption that R does not intersect with Qj we take for the simplicity 
of the formulae, only. 

In the case when R = Q oi the admissible divisors D are defined as follows. The divisor 
D = 7i + ■ ■ ■ + 7g+„_i is called admissible if there exists a meromorphic diiferential dVL^ on 
To with poles of the order 2 at the points (52m-n+i, • • • , Q2m and poles of the order 3 at the 
double zeros of E{P) and such that 

dno(vr(7s)) = (5.26) 
The differential dVL^ considered as differential on F has the form 

rf^o = ^^(^fe + 0(A) (5.27) 

at the punctures Qfc, A; = 1 . . . , ra. In the special case under consideration, the flat coordinates 
are deflned not by the evaluation the Baker-Akhiezer function ip at the punctures (where 
it equals 1 now) but by taking the next term in the expansions. 
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Theorem 5.2 Let iIj{x,Q\D, Q) be the Baker-Akhiezer function defined by an admissible 
divisor D on the Riemann surface of the function \{Q). Then the function F{x) = F{u{x)) 



1 

F{u) = -Y.V,x\u)y''^'\u), (5.28) 
^ k=i 

where 

rjk = resQ^X^dQo (5.29) 
andx^{u) andy^{u) are defined from the expansion 

^ = l + x^{u)\ + y^{u)\^ + 0{X^) (5.30) 



is a solution of the associativity equations i\1.16i )- ^1.19i ), i.e. it satisfies the equation ( ]5. 
where Ckim are given by ( |5. 1\ ); the functions c^i defined by ( \5. Sj ) satisfy and at last the 

relation 

n 

Cklm{u) = Vkl (5.31) 



m=l 



is fulfilled. 



Proof. The proof that the functions x^ are flat coordinates for the diagonal metric with 
the Lame coefficients = eihi{u), where hi{u) is the leading term in the expansion of the 
corresponding Baker-Akhiezer function at the puncture Pi is just the same as in the general 
case. The proof of all the other statements of the theorem but the last one is also almost 
identical to the their proof in Theorem 5.1 The last statement of the theorem (|5.32| ) follows 
from: 

Lemma 5.2 Let ip be the Baker-Akhiezer function corresponding to the data specified by the 
assumptions of Theorem 4-3. Then it satisfies the equation 

±ij^'l- = M- (5,32) 



The left and the right hand sides of ( |5.32| ) are regular outside the punctures P^ and have the 
same leading terms in their expansions at P^- Therefore, they are identically equal to each 
other. 



The evaluation of ( |5.32|) at Qm gives the equality 



n am 

Eir = i (5.33) 

Hence, 

E Cfc/m(w) = E 7^7^ = Vki (5.34) 



m=i ^=l dx'' 9x1 



Theorem is proved. 
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The exact theta functional formula for the partition function F can be obtained by the 
simple substitution of the corresponding expressions for the Baker-Akhiezer function. The 
formulae for the functions x^{u) in ( |5.28| ) are slightly different from ( |2.39| ), ( p.4(]| ). Namely, 

= ^TTTTTT ^ rUA{Q,)) xtiu), (5.35) 

where 



The formulae for y^{'u) can be obtained by taking the derivatives of the formulae in the right 
hand sides of ( |5.35| ) with respect to the variables A{Qk). 

Example. Elliptic solutions 

Let us consider the simplest elliptic curvilinear coordinates and solutions to the associativity 
equations that correspond to n = / = 3, m = 2 in the example of Section 2. 

Let us represent the elliptic curve F as a factor of the complex plane of a variable z with 
respect to the lattice generated by periods 2u;, 2^^', Im uj'/oj > 0. In that realization we 
identify the punctures Pi with half periods cjj, i.e. with the points: 

Pi = ui = u, P2 = uj2Uj', P-s = UJ3 = —uj — oj' (5.37) 

The punctures Qj are the points 

Qi = 0, (^2 = ^0, Qs = -zq (5.38) 

In the case g = I any sets 71, . . . , 7; and Ri, . . . ,Ri are the admissible divisors. The corre- 
sponding differential (IQq has the form 

cr{z - uj)(r{z - uj')cr{z + uj + uj') ' (t{z - -fs)a{z + 7,) 
a[z)a[z + ZQ)a[z - zq) f^-^ a[z - Rs)(r{z + Rs) 

where a{z) = a{z\uj,uj') is classical a-Weierstrass function The residues of this differential 

res^=ocir^o = Vi, T^GS^=±zodQo = 772 (5.40) 

are the coefficients of the flat metric 

ds^ = r]i{dx^f + r]2{dx^){dx^) (5.41) 

The Baker-Akhiezer function corresponding to 7^ and Rs has the form: 



ip{u,z) = n 



ir Oiz - R, 



=1 (y{z - 7,) 
where 



' o{z^U - Ra) 



^c.—, p X ."x exp(n(M, z) - n{u, R^)) 



(5.42) 



U = u'^ + u'^ + u^, (5.43) 
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Q{u, z) = u\C{z -uj) + r])+ u'^iCiz - u') + r]') + u^{C{z + u + u') - r] - rj'), (5.44) 

"'^"^ (5.45) 



and the constants are equal to 



a(z 



(T{Ra - Is) 
Usj^a (^{Ra — Rs) 



(5.46) 



In the general case when R^ ^ Qj the evaluation of ip at Qj gives an expression of the flat 
coordinates through the curvilinear 3-orthogonal coordinates u^,u'^,u^: 



= ipi^u, 0), = ip{u, Zq), = ip{u, —Zq) 



The metric ( |5.41| ) in the coordinates is diagonal with the coefficients 



H2{u) = 
Hsiu) = 

The constants Ei are equal to: 
el = VoF{uj) 



a{U - Ra 



\ a{uj — Ra)(y{U) 



-?7o F{uj + oj' 



" a{uj' + U-R^) jj^, 
^^^/V(u;'-i?Xf/)' 

^ a{uj + u)' + U - Rq) j_u^,_urj') 
'ti ''cT{u; + u;'-R^)a{uf 

a{uj — uj')o'{2uj + uj') 
a{uj)a{uj + zo)(t{u! — zq) ' 

(7{uj' — uj)(r{2u!' + uj) 
a{uj')(r{Lj' + Zo)(t{uj' — zq) ' 

a{2iu + uj')a{2uj' + uj) 



a{uj + uj')a{uj + uj' + Zo)a{uj + u' — Zq) 



(5.47) 

(5.48) 
(5.49) 
(5.50) 

(5.51) 
(5.52) 
(5.53) 
(5.54) 



a{z - Rs)a{z + R^) 

The elliptic solutions for the associativity equations correspond to the Baker-Akhiezer func- 
tions given by the formula ( |5.42| ) with / = 3 and -Ri = 0, R2 = zq, R3 = —zq. For the 
simplicity of the formulae let us consider the special case corresponding to the basic elliptic 
Baker-Akhiezer function 



ip{u,z) 



(TiZ + S) 



(T{z)a{s) 

The coefficients of the expansions of ip at the points z = 0, Zq, —Zq 

ip = - + x\u) + y\u)z + 0{z'^), 
z 

^ = x^ + y\u){z-zo) + 0{{z-zof), 
^ = + y%u){z + zo) + 0{{z + zof) 



(5.55) 

(5.56) 

(5.57) 
(5.58) 
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define the solution 

F = xY - ^{x'^y^ + x^y^) (5.59) 



to tlie associativity equations. From ( |5.55D it follows that 



= C{U) - p{uj)u^ - p{uj')u^ - p{uj + uj')u^, (5.60) 



2 a{zo + U) 



o{-zq)o{JJ) 



and 



y' = + ^ (E(pM^O) , (5.63) 



y' = x'{u)(^a-zo + U) + azo)-j2iPi^o-uJi)u^ 



The function 



(5.64) 
(5.65) 



F = F-^{x^f, (5.66) 

has the same third derivatives as F. After substitution of the exact expression for and 
into ( p.59| ) we obtain the final formula for the simplest elliptic solution to the associativity 
equations 

F = —piU) - i {p{U) - p{zo)) (^C(^o -U)- C(^o -U)- j^iPi^o - oOiY)^ (5.67) 
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